Abstract. In this paper, the conjecture on the Zalcmanness of C n (n ≥ 2) and (C * ) 2 , which is posed in [8] , is proved in the case where the derivatives of limit holomorphic curves are bounded. Moreover, several criteria for normality of families of holomorphic mappings are given.
Introduction
The main aim of this paper is to study the conjecture on the Zalcmanness of C n (n ≥ 2), which is posed in [8] . We now recall the above conjecture.
Definition 1.1. (see [8, Def. 2.9] ) Let X be a complex space. The complex space X is said to be a Zalcman complex spsace if X satisfies the following: For each non-normal family F ⊂ Hol(∆, X) such that F is not compactly divergent, then there exist sequences {p j } ⊂ ∆ with p j → p 0 ∈ ∆ as j → ∞, {f j } ⊂ F , {ρ j } ⊂ R with ρ j > 0 and ρ j → 0 + as j → ∞ such that g j (ξ) := f j (p j + ρ j ξ), ξ ∈ C, converges uniformly on any compact subsets of C to a non-constant holomorphic curve g : C → X. Definition 1.4. Let X be a hermitian complex space with a length function E. A holomorphic curve f : C → X is said to be an E-Brody curve if its derivative is bounded, i.e., |f ′ (z)| E 1 on C. Specifically, if X is a domain in P n (C), we understand that a Brody curve in X is a ds 2 F S -Brody curve, where ds 2 F S is the Fubini-Study metric on P n (C).
For results concerning Brody curves, we refer the reader to the monographs [4] , [6] , [9] , [10] , [15] , [17] , [18] . Definition 1.5. Let X be a complex space with a length function E. The complex space X is said to be of E-limit type if X satisfies the following:
For each non-normal family F ⊂ Hol(∆, X) such that F is not compactly divergent, then there exist sequences {p j } ⊂ ∆ with p j → p 0 ∈ ∆ as j → ∞, {f j } ⊂ F , {ρ j } ⊂ R with ρ j > 0 and ρ j → 0 + as j → ∞ such that g j (ξ) := f j (p j + ρ j ξ), ξ ∈ C, converges uniformly on any compact subsets of C to a non-constant E-Brody curve g : C → X.
We now give the following. Theorem 1.6. C n (n ≥ 2) is not of E-limit type for any length function E on C n .
Theorem 1.7. (C * )
2 is not of ds 2 F S -limit type, where ds 2 F S is the Fubini-Study metric on P 2 (C).
The concept of normal family was first introduced in 1907 by P. Montel [13] and generalized by O. Lehto and K. I. Virtanen [12] . Since that time the subject of normal maps has been studied intensively (see [2, 3, 8, 19, 20] and references therein). In particular, in [8] , the authors showed criteria for normality of a family of holomorphic mappings in several complex variables into a complete hermitian complex space in the term of the non-constant limit curves.
The Marty's criterion (see [1, Theorem 17, p. 226] ) asserts that the normality of a family F of meromorphic functions on a plane domain D ⊂ C is equivalent to the local boundedness of the corresponding family F # of spherical derivatives
. The next aim of this article is to generalize the Marty's criterion to several complex variables. Namely, we show the following theorem on the normality of families of holomorphic mappings in the term of the non-constant E-Brody curves. Theorem 1.8. Let Ω be a domain in C and let M be a complete hermitian complex space with a hermitian metric E. Let F ⊂ Hol(Ω, M ). Then the family F is not normal if and only if there exist sequences {p j } ⊂ Ω with p j → p 0 ∈ Ω as j → ∞, {f j } ⊂ F , {ρ j } ⊂ R with ρ j > 0 and ρ j → 0 + as j → ∞ such that
satisfies one of the following two assertions (i) The sequence {g j } is compactly divergent on C;
(ii) The sequence {g j } converges uniformly on compact subsets of C to a nonconstant E-Brody curve g : C → M . In this case, the curve g is called to be a limit Brody curve with respect to the hermitian metric E, or shortly, a limit E-Brody curve. Theorem 1.9. Let Ω be a domain in C. Let X be a compact complex space with a hermitian metric E. Let S be a complex hypersurface in X and let M = X \ S. Let F ⊂ Hol(Ω, M ). Then the family F is not normal if and only if there exist sequences {p j } ⊂ Ω with p j → p 0 ∈ Ω as j → ∞, {f j } ⊂ F , {ρ j } ⊂ R with ρ j > 0 and ρ j → 0 + as j → ∞ such that
(ii) The sequence {g j } converges uniformly on compact subsets of C to a nonconstant E-Brody curve g : C → M . [3, 20] .
(ii) In Theorem 1.8, the hermitian metric E must be complete. Fortunately, Theorem 1.9 shows that the assertion still holds in the case where the hermitian metric maybe is not complete.
This paper is organized as follows. In Section 2, we will prove Theorems 1.6 and 1.7. Then the proofs of Theorems 1.8 and 1.9 will be given in Section 3.
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2. Non-existence of limit Brody curves in C n and (C * )
2
First of all, we give the following.
Proof of Theorem 1.6
is not bounded on C, where f :
n ) the sequence of holomorphic discs given by
for every z ∈ ∆. Suppose that there exist a sequence {n k } ⊂ N, a sequence {p k } ⋐ ∆, and a sequence {ρ k } ⊂ (0, +∞) with
for each k ∈ N * and for |ξ| < 1/ρ k , converges uniformly on every compact subset of C to a non-constant holomorphic curve ϕ : C → C n . Then m k p k → q ∈ C and m k ρ k → A ∈ C * as k → ∞. Thus, we obtain that ϕ(ξ) = (q + Aξ, g(q + Aξ)) = [1 : q + Aξ : g 1 (q + Aξ) : · · · : g n−1 (q + Aξ)] for all ξ ∈ C. We note that E(ϕ(z), ϕ ′ (z)) is not bounded on C. This completes the proof.
is not of ds 2 F S -limit type. Remark 2.1. i) By Theorem 1.6, there does not exist a sequence {ϕ k } which converges uniformly on every compact subset of C to any Brody curve in C n . But,
there is a sequence {ϕ k } which converges uniformly on every compact subset of C to a Brody curve in P n (C) (cf. Theorem 1.8). ii) We can see that T r (f ) ≈ T r (g), where T r (f ) is the Nevanlinna-Cartan characteristic function of f (see [14, Theorem 2.5.12, p. 64]). Moreover since ϕ(ξ) = (q + Aξ, g(q + Aξ)) = [1 : q + Aξ : g 1 (q + Aξ) : · · · : g n−1 (q + Aξ)] for all ξ ∈ C, it follows that T r (ϕ) ≈ T r (f ) ≈ T r (g). iii) In [8] , the authors proved that the complement of any hyperbolic hypersurface in a compact complex space are Zalcman. In particular, C * and C are Zalcman. Corollary 2.1 showed that C n (n ≥ 2) is not of ds Attempting to prove Theorem 1.7, we recall the Winkelmann's construction of compact complex torus T , domains Ω 1 , Ω 2 with Ω 2 ⊂ Ω 1 ⊂ T (see [17] ).
Let E ′ = C/Γ ′ and E ′′ = C/Γ ′′ be elliptic curves and
the natural projections. Then we see that E
′ is not isogenous to E ′′ . The compact complex torus T carries a hermitian metric h induced by the euclidean metric on
. The associated distance function is said to be d and the injectivity radius ρ is given by ρ = 1 2 min γ∈Γ\{0} γ . We choose numbers 0 < ρ ′ < ρ ′′ < ρ and define
Furthermore we choose 0 < δ < ρ/3. Let s : C → C be a holomorphic function such that
Define
J. Winkelmann [17] showed the following proposition which is a slight improvement of Arakelyan's theorem. Proposition 2.2. Let B be a closed subset in C for which P 1 \ B is connected and locally connected at ∞. Let q be a point in the interior of B and let f : B → C be a continuous function which is holomorphic in the interior of B. Furthermore let ǫ : B → R + be a continuous function. Then there exists an entire function F such that
for all z ∈ B.
In [17] , J. Winkelmann proved the following theorem.
Theorem 2.3 (J. Winkelmann). With notations as above one has
(ii) If f : C → T is a non-constant holomprphic map with bounded derivative (with respect to the euclidean metric on C and h on T ) and
Moreover, f is affine-linear and f (C) is closed analytic subset of T .
Let A be the union of
For each j ∈ Z denote by B j = sin(iB 2ρ ′ (C, j)). We let B = ∪ j∈ZBj . Denote by h : B → C the continuous function given by h(w) = s(g(w) − j) for any j ∈ Z and for any w ∈B j . Note that h is holomorphic in the interior of B. So, using Proposition 2.2 we deduce that there exists an entire function F : C → C such that
This implies that
The lemma is proved. Now we let f : C → (C * ) 2 be the holomorphic map given by
normal and is not compactly divergent.
Suppose that there exist a sequence {k n } ⊂ N, a sequence {p n } ⋐ ∆, and a sequence {ρ n } ⊂ (0, +∞) with ρ n → 0 + as n → ∞ such that the sequence {ϕ n } defined by
for each n ∈ N * and for |ξ| < 1/ρ n , converges uniformly on every compact subset of C to a non-constant ds 2 F S -Brody curve ϕ : C → (C * ) 2 , where ds 2 F S is the FubiniStudy metric on P 2 (C). Let u, v : C → C be holomorphic curves such that
for all z ∈ C. Since ϕ ′ F S is bounded, T r (ϕ) = O(r) (see [7] ), and thus the holomorphic functions u and v are both affine-linear.
Proof. Fix an arbitrary z ∈ C. We will show that π • (u(z), v(z)) ∈ Ω 1 . It suffices to prove that this assertion holds for the case u(z) ∈ A. Indeed, if u(z) ∈ A, then there exist integers k * , j * ∈ Z such that |u(z) − 2k
Hence there is an integer l ∈ Z such that F (sin(iu(z))) = v(z) + 2lπi.
Now we see that
Thus we conclude that
and hence (π
The proof is complete.
Proof. Now we consider two following cases. Case (i): k n ρ n → 0 as n → ∞. Without loss of generality, we may assume that k n ρ n 1 for all n ∈ N. Therefore there are a positive integer n 0 and a positive real number R > 0 such that for each n ≥ n 0 there exists a point ξ n ∈ C with |ξ n | ≤ R such that k n p n + k n ρ n ξ n ∈ A ′ ⊂ A, where A ′ is the union of B ρ ′ /2 (C, γ) for all γ ∈ Γ ′ . Without loss of generality, we may assume that ξ n → ξ * ∈ B R (C, 0) as n → ∞. Since exp(k n p n + k n ρ n ξ) converges uniformly on B R (C, 0) to exp(u(ξ)), there exists a sequence {l n } ⊂ N such that k n p n +k n ρ n ξ n +2l n πi → u(ξ
Case (ii): k n ρ n → 0 as n → ∞. Consider two following subcases. Subcase (ii.1): {k n p n } ⋐ C. With no loss of generality, we may assume that there exist a complex number α ∈ C and a positive real number R > 0 such that |k n p n − α| < R for all n ∈ N * . Then we get
as n → ∞. This implies that ϕ ′ ≡ 0, and thus ϕ is constant. It is impossible.
as n → ∞ for each ξ ∈ C. Thus ϕ 1 (ξ) = 0 for all ξ ∈ C, where ϕ 1 is the first component of the holomorphic map ϕ. It is not possible.
If Re(k n p n ) → +∞, then | exp(k n p n + k n ρ n ξ)| = exp(Re(k n p n ) + k n ρ n ξ) = exp(Re(k n p n )) exp(k n ρ n ξ) → +∞ as n → ∞ for each ξ ∈ C. This is a contradiction.
If |Re(k n p n )| 1 for all n ∈ N. In this case we may assume that there exists a positive number R > 0 and integers l n ∈ Z, n = 1, 2, . . ., such that |k n p n + 2l n πi| ≤ R for every n ∈ N. We note that f (k n p n + k n ρ n ξ) = f (k n p n + 2l n π + k n ρ n ξ) for all n ∈ N and for ξ ∈ C.
Therefore we get
as n → ∞. Hence ϕ is constant, which is impossible.
Now it follows that Lemma 2.6 together with Theorem 2.3 and Lemma 2.5 completes the proof of Theorem 1.7.
Remark 2.2. By arguments as above there do not exist a sequence {k n } ⊂ N, a sequence {p n } ⋐ ∆, and a sequence {ρ n } ⊂ (0, +∞) with ρ n → 0 + as n → ∞ such that the sequence {ϕ n } defined by
for each n ∈ N * and for |ξ| < 1/ρ n , converges uniformly on every compact subset of C to a non-constant ds 2 F S -Brody curve ϕ : C → (C * ) 2 given by ϕ(z) = (exp(u(z)), exp(v(z))) for all z ∈ C. However, by [3, Théorème 1.12, p. 440] there exist sequences {A n }, {B n } ⊂ C such that f (A n z + B n ) converges uniformly on every compact subset of C to a non-constant curve ϕ in (C * ) 2 given by ϕ(z) = (exp(az + b), exp(cz + d))) for all z ∈ C, where a, b, c, d ∈ C with |a| 2 + |c| 2 = 0.
Normal families of holomorphic mappings in several complex variables
First of all, we recall some definitions. 
ii) The family F is said to be not compactly divergent if F contains no compactly divergent subsequences.
To prove Theorem 1.8, we need the following lemma (cf. see [3, lemme 2.2, p.
431]).
Lemma 3.3. Let (X, d) be a complete metric space and let ϕ : X → R + be a locally bounded function. Let ǫ > 0 and let τ > 1. Then, for all a ∈ X satisfying ϕ(a) > 0, there existsã ∈ X such that
Proof of Theorem 1.8.
(⇒) Consider two cases Case 1. The family F is compactly divergent. Then there is a sequence {f j } ⊂ F such that {f j } is compactly divergent. Take p 0 ∈ Ω and r 0 > 0 such that B(p 0 , r 0 ) ⋐ Ω. Take p j = p 0 for all j ≥ 1 and ρ j > 0 for all j ≥ 1 such that ρ j → 0 + as j → ∞ and
Note that g j is defined on
Assume that K is a compact subset of C and L is a compact subset of M . Then there exists j 0 ≥ 1 such that
Since the sequence {f j } is compactly divergent, there exists j 1 > j 0 such that
This means that {g j } is compactly divergent. Case 2. The family F is not compactly divergent.
By Lemma 2.6 in [8] , there exist sequences
for all k ≥ 1. For simplicity, we denote by |.| := |.| E . Without loss of generality, we may assume that a k → a 0 ∈ Ω as k → ∞ and B(z 0 , r) ⊂ Ω for some r > 0. We also can assume that a k ∈ B(z 0 , r) for all k ≥ 1. We denote by d E the distance induced by the hermitian metric E. Now by applying Lemma 3.3 to X = B(z 0 , r), ϕ := |f k ′ | E , a = a k and τ = 1 + 1 k , it implies that there existsã =: z k such that
Therefore g k is defined on ∆ k := {z ∈ C : |z| < k} for all k big enough. Moreover, by (ii), we get kρ k ≤ 1 k 2 . Now because of (iii), we obtain
So the g k are holomorphic on larger and larger discs in C and they have bounded derivatives. Thus the family {g k } is equicontinuous. If the family {g k } is not compactly divergent, by a result of Wu [19, Lemma 1.1.iii], it is normal. This implies that there exists a subsequence {g kj } ⊂ {g k } such that {g kj } converges uniformly on any compact subset of C to a holomorphic map g : C → M . It is easy to see that |g
This implies that g is a non-constant E-Brody curve in M .
(⇐) Suppose that the family F is normal. Now we consider two cases. Fix ξ ∈ C. Then p j + ρ j ξ ∈ K 0 for j large enough. Hence
Taking the limit, we obtain
This implies that g is constant. This is impossible. Case 2. The sequence {g j } is compactly divergent.
Since the family F is normal, without loss of generality, we may assume that the sequence {f j } converges uniformly on any compact subset of Ω to f ∈ Hol(Ω, M ). For ξ ∈ C, we have
This implies that {g j } is not compactly divergent. This is a contradiction.
In order to prove Theorem 1.9, we need the following lemmas.
Lemma 3.4. Let Z be a complex manifold. Let S be a complex hypersurface of a complex space X. If a sequence {ϕ n } ⊂ Hol(Z, X \ S)) converges uniformly on every compact subset of Z to a mapping ϕ ∈ Hol(Z, X), then either ϕ(Z) ⊂ X \ S or ϕ(Z) ⊂ S.
Proof. Suppose ϕ(Z) ∩ S = 0. PutZ := {z ∈ Z : ϕ(z) ∈ S}. ThenZ = ∅.
Since S is a closed set in X, it is easy to see thatZ is closed in Z. Moreover,Z is open. Indeed, let z 0 ∈Z. Then there exist an open neighborhood of ϕ(z 0 ) and a holomorphic function f ∈ Hol(U, C) such that
Since {ϕ n } uniformly converges to ϕ on every compact subset of Z, there exists an open neighborhood W of z 0 such that ϕ n (W ) ⊂ U \ S for n ≥ l. Moreover, {f • ϕ n } ⊂ Hol(W, C) converges uniformly to the holomorphic function f • ϕ ∈ Hol(W, C). Since f • ϕ(z 0 ) = 0, by Hurwitz's theorem, f • ϕ ≡ 0 on W . Therefore, z 0 ∈ W ⊂Z and thusZ is open.
By the connectivity of Z, we obtain thatZ = Z. This completes the proof.
Lemma 3.5.
Let Ω be a domain in C m . Let S be a complex hypersurface in a compact complex manifold X with a hermitian metric E and let M = X \ S. Let F ⊂ Hol(Ω, M ) such that F is not compactly divergent. Then, the family F is normal if and only if for each compact subset K of Ω, there is a constant c K > 0 such that
Proof. (⇒). We will show that (1) holds. Suppose that, on the contrary, there exist a compact subset K ⊂ Ω and a sequences {z
Without loss of generality we may assume that z k → z 0 ∈ K and ξ k → ξ 0 as k → ∞. Moreover, since F is normal we can assume that {f k } converges uniformly on K to f 0 ∈ Hol(Ω, M ) as k → ∞. Therefore we get
This is a contradiction. (⇐). Suppose that (1) holds. We will show that F is normal. Indeed, given x 0 ∈ Ω. Take r > 0 be such that
Since K is compact, by the hypothesis, this is a constant c K > 0 such that
For every x ∈ K consider the curve γ : [0, 1] → Ω joining x 0 and x given by
This implies that the family F is equicontinuous. Therefore, by Ascoli's theorem F is normal in Hol(Ω, X). Now it suffices to show that if a sequence {f k } ⊂ F converges to a holomorphic map f ∈ Hol(Ω, X). Indeed, it follows from Lemma 3.4 that either f (Ω) ⊂ S or f (Ω) ⊂ X \ S = M . Since F is not compactly divergent, the case f (Ω) ⊂ S does not occur. Thus the proof is complete. 
converges uniformly on every compact subset of C to a non-constant E-Brody curve g : C → X. Because S is a hypersurface in X, by Lemma 3.4 we conclude that either g(C) ⊂ X \ S = M or g(C) ⊂ S. Thus one of the following two assertions holds (i) The sequence {g j } is compactly divergent on C; (ii) The sequence {g j } converges uniformly on compact subsets of C to a nonconstant E-Brody curve g : C → M . {f n } and sequences {p j } ⊂ ∆ with p j → p 0 ∈ ∆ as j → ∞ and {ρ j } ⊂ R + with ρ j → 0 + as j → ∞ such that the following sequence g j (ξ) := f nj (p j + ρ j ξ)
converges uniformly on every compact subset of C to E(ξ) = exp(A 0 ξ + B 0 ), where A 0 ∈ C * and B 0 ∈ C.
Proof. Let {f n : ∆ → C * } be a non-normal sequence of holomorphic functions which is not compactly divergent. Since C * = P 1 (C) \ {0, ∞}, by Theorem 1.9 there exist a subsequence {f nj } ⊂ {f n } and sequences {p j } ⊂ ∆ with p j → p 0 ∈ ∆ as j → ∞ and {ρ j } ⊂ R + with ρ j → 0 + as j → ∞ such that the following sequence g j (ξ) := f nj (p j + ρ j ξ)
converges uniformly on every compact subset of C to ρ-Brody curve g : C → C * , where ρ is the spherical metric on P 1 (C). Moreover because the spherical derivative of g is bounded, g(ξ) = E(ξ) = exp(A 0 ξ + B 0 ) for all ξ ∈ C, where A 0 ∈ C * and B 0 ∈ C. The proof of the above theorem is given in [3] . The following is a different proof which is an application of Corollary 3.6.
Proof of Theorem 3.7. Suppose that f : C → P 1 (C)\{0, ∞} = C * is a non-constant holomorphic function. Then there is a point a 0 ∈ C such that f ′ (a 0 ) = 0. Without loss of generality a 0 = 0. For each k ∈ N * , define f k : ∆ → C * by f k (z) = f (kz) for all z ∈ ∆. Since f k (0) = f (0) ∈ C * and f k ′ (0) = kf ′ (0) → ∞ as k → ∞, {f k } is not normal and is not compactly divergent. Thus, by Corollary 3.6 there exist sequences {k n } ⊂ N, {p n } ⊂ ∆ with p n → p 0 ∈ ∆ as n → ∞, and {ρ n } ⊂ R + with ρ n → 0 + as n → ∞ such that the following sequence g n (ξ) := f kn (p n + ρ n ξ) = f (k n p n + k n ρ n ξ)
converges uniformly on every compact subset of C to E(ξ) = exp(A 0 ξ + B 0 ), where A 0 ∈ C * and B 0 ∈ C. So, the proof is complete.
Example 3.8. Let {k j } ⊂ Z be such that e ikj → 1 as j → ∞. Then the sequence {g j } given by g j (z) := exp(exp(i π 2 + z k j + ln k j ))
